Let f be a non-negative function defined on R. which is monotone in each variable separately. If < p < oo, g > 0 and v a product weight function, then equivalent expressions for sup (i,) are given, where the supremum is taken over all such functions f.
INTRODUCTION
If 0 _<fis a decreasing (= non-increasing) function of a single variable, then Sawyer [8] established an explicit form of an L P-duality theorem for such functions, and applied it to prove weight characterizations for which the identity operator, the Hardy integral operator and its conjugate defined on monotone functions is bounded on weighted Lebesgue spaces. As a consequence weight characterizations were obtained for which a number of classical operators, such as the HardyLittlewood maximal function and the Hilbert transform, are bounded on weighted Lorentz spaces.
It is natural to seek extensions of such duality theorems to functions of several variables monotone in each of its variables separately.
Such generalizations were recently obtained by Barza, Persson and Stepanov [3] . To If 0 < q < p < , (1/r) (1/q) (1/p), then it was shown in [3] where u and v are non-negative (weight) functions. For the case 0<p<q< cf. [2] .
If q < p < c and u g > 0 then (1.1) with n is a variant of the duality theorem given in [8] . Now, if n > 1 and 0 < h is arbitrary, then a quantitative form of the sets Dh, may be difficult to give and this limits the applicability of the duality formula (1.1).
The purpose of this paper is to prove a duality formula of the form (1.1) with q 1, u g and v a product weight, that is, a weight function of the form v(x)= v(xl, x,,)= vl(xl). v,,(x,), vi > O, i= 1,..., n.
This permits explicit applications to mapping properties of operators defined on the cone of such monotone functions between weighted Lebesgue spaces. We illustrate this for the identity operator on [_, (a result also proved in [2] ) and in case n 2 by the Hardy integral operator defined on function decreasing in both variables separately. Also, a corresponding discrete version of the duality principle is given where the functions are replaced by sequences {aij)i,j=l, which are decreasing in both indices. Again an application is given for the C6saro operator defined on such monotone sequences. The case of sequences monotone in a single index was proved in [7] under slight additional conditions on the weight sequence. In the proof given here (which also carries over to the one dimensional case) this additional assumption is not required.
The manuscript is structured as follows: The next section contains a number of known or easily derived results required. These include the weighted Hardy inequality and its discrete analogue in higher dimensions. In Section 3 the duality theorems for functions of several variables are given, while Section 
is satisfied. Moreover, the smallest C in (2.5) satisfies (p'-1)-n/P'< C<p".
Proof Apply (2.3) of Theorem 2.1 with q =p, u replaced by v and v by
Next, we consider the following special case:
2+ and < p < q < 0. Then for 0 < f 
But the obvious change of variable shows that this is equivalent to the second supremum of (2.7).
It is clear that a higher dimensional analogue of Corollary 2.3 may be proved in the same way.
The following standard duality theorem for L p-and P-spaces is stated for completeness only. (c) The corresponding discrete analogues for (2.8) and (2.9) hold also and constitute duality theorems in gP-spaces.
The discrete analogue of Theorem 2.1 follows from the following result proved by Sinnamon [9] and Bennett [4] : THWOREM 2.5 [9, 4] 
where V(x) V(x) V2(x2 
To estimate the inner integral of (3.2), observe first that g(x) V2 (x2)-ldx2 Proof (a) We already noted the equivalence of (i) and (ii 
